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Simulation and experimental realization of acoustic black holes in analogue gravity systems have
lead to a novel understanding of relevant phenomena such as Hawking radiation or superradiance.
We explore here the possibility to use relativistic systems for simulating rotating black hole solutions
and possibly get an acoustic analogue of a Kerr black hole. In doing so we demonstrate a precise
relation between non-relativistic and relativistic solutions and provide a new class of vortex solutions
for relativistic systems. Such solutions might be used in the future as a test bed in numerical
simulations as well as concrete experiments.
I. INTRODUCTION
Black holes are among the most peculiar objects pre-
dicted by general relativity (GR) and as such provide an
arena where interesting effects associated to gravity, both
classical and quantum, can become manifest. However,
such effects are quite difficult to study in astrophysics as
they are faint or masked by more complex physical pro-
cesses. Of course, the recent detection of gravitational
waves [1] opens a new era for observational constraints
on black hole models and physical properties but even
with such advancements the intensity of some of the pre-
dicted effects is too weak to be realistically detectable in
the near future.
In the past few decades, starting from a seminal idea
by Unruh [19], a lot of interest has been directed towards
analogue models of gravity, that is condensed matter sys-
tems that reproduce kinematic aspects of the physics in
curved spacetimes, and in particular also of black holes
(for an exhaustive review see [5]). One of the most stud-
ied systems is the (non-relativistic) barotropic, inviscid
and irrotational fluid for which it can be proven that the
linearized (acoustic) perturbations can be described as
fields on a curved background, described by an acous-
tic metric. This analogy is applicable also to quantum
systems that admit such a hydrodynamical limit, for
example in non-relativistic Bose–Einstein condensates,
that hence provide a way of testing quantum effects such
as the Hawking radiation in conditions where the back-
ground physics is well known, and experimentally realiz-
able.
Recently, it was established that a similar analogy also
emerges in relativistic fluids [6, 22] and relativistic con-
densates [11], and it was shown that in this case the
structure of the resulting metric is more general (having
a so called disformal form). They hence provide a poten-
tially more versatile framework for simulating interesting
spacetimes. It has already been shown that analogues of
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static black hole spacetimes both in the asymptotically
flat and asymptotically (A)dS cases [10, 16, 17] can be ob-
tained in relativistic condensates, and also cosmological
metrics and structures of alternative theories of gravita-
tion can be studied [9]. The main scope of this article is
to understand if also rotating black holes spacetimes can
fit in relativistic analogues and to study their relationship
with the non-relativistic solutions.
In Section II we will review the emergence of the acous-
tic metric in a relativistic perfect fluid, the non relativis-
tic limit and the realization of the analogy in relativis-
tic Bose–Einstein condensates. In Section III we are go-
ing to show a general transformation that implies that,
in the case of constant speed of sound, the relativistic
acoustic metric is a more general kind of stationary met-
ric than the non-relativistic one (in the sense that ev-
ery non-relativistic acoustic metric can be brought into
a relativistic one) and we are going to use this transfor-
mation to obtain the relativistic acoustic analogue of the
Schwarzschild spacetime. In Section IV we are going to
show that rotating black holes can be obtained in rel-
ativistic analogue gravity, in Section V we will present
(2+1)-dimensional rotating black holes in relativistic flu-
ids and condensates that are relativistic generalizations
of the well known non-relativistic vortex geometry and
in Section VI we will present two (3+1)-dimensional ro-
tating black holes configurations. Finally, in Section VII
we will present an acoustic analogue of the rotating BTZ
metric, both in non-relativistic and in relativistic systems
and in Section VIII we will discuss the relationship be-
tween the relativistic acoustic metric and the Kerr–Schild
form of a metric, treating explicitly the Schwarzschild
case, with the hope to give some insight towards the sim-
ulation of the full Kerr metric.
II. THE ACOUSTIC METRIC
The analogy between the behavior of acoustic pertur-
bances in fluid systems and the propagation of fields in
curved spacetimes is expressed by the emergence of a
metric describing a curved background. In the case of
ar
X
iv
:1
70
5.
05
69
6v
1 
 [g
r-q
c] 
 16
 M
ay
 20
17
2a relativistic perfect fluid this metric was derived in [6]
and, in a more detailed way, in [22]. We review here the
basic steps of these derivations for completeness and for
setting up our notation.
A relativistic perfect fluid in a spacetime with met-
ric gµν is described by a unit timelike 4-velocity field
V µ = vµ/c and has energy-momentum tensor
Tµν = (e+ p)VµVν + pgµν , (1)
where e is the energy density and p is the pressure. We
will take the fluid to be barotropic, that is with the energy
density a function of the pressure alone, and with an
irrotational flow, condition that is expressed as
v ∧ dv = 0, (2)
where v is the one-form associated to the 4-velocity field.
This implies that we can write the 4-velocity field in
terms of a velocity potential θ as
V µ = g
µν∇νθ√−gµν∇µθ∇νθ . (3)
The dynamical equations of the fluid are given by the
conservation of the energy-momentum tensor
∇µTµν = 0, (4)
whose projections give the continuity equation [2, 22]
∇µ (nV µ) = 0, (5)
where n is the number density, and the Bernoulli equa-
tion
‖∇θ‖ = [e(p) + p]n(p=0)
n(p)e(p=0)
. (6)
The idea is now to consider an expansion for the quan-
tities defining the fluid up to the first order in some small
parameter 
θ = θ0 + θ1 + · · · =⇒ V = V0 + V1 + . . . (7a)
e = e0 + e1 + . . . (7b)
p = p0 + p1 + . . . (7c)
and define the acoustic perturbations to be the linear
terms, while the 0th-order quantities are the background.
Inserting these expansions in the fluid equations and lin-
earizing them one obtains that the perturbation of the
velocity potential θ1 satisfies
∇µ
{
n0
w0cs
[
gµν +
(
1− c
2
c2s
)
V µ0 V
ν
0
]
∇νθ1
}
= 0, (8)
where w0 is the background specific enthalpy and
c2s
..= c2 dpde
∣∣∣
e0
is the speed of sound. This equation has
the form of a massless Klein–Gordon equation in a curved
background (characterized by a metric Gµν)
θ1 =
1√|G|∂µ
(√
|G|Gµν∂νθ1
)
= 0 (9)
if we identify1√
|G|Gµν =
√
|g| n0
w0cs
[
gµν +
(
1− c
2
c2s
)
V µ0 V
ν
0
]
. (10)
From this we obtain the relativistic acoustic metric (in
d+ 1 dimensions)
Gµν =
(
n0
w0cs
)2/(d−1) [
gµν +
(
1− c
2
s
c2
)
[V0]µ[V0]ν
]
,
(11)
where one usually defines
ξ ..= 1− c
2
s
c2
. (12)
We will call this kind of metric a metric of the Gordon
form, since it has the same form of the metric derived by
Gordon for the description of the propagation of light in
a moving dielectric [14]. We will actually be interested
in the case in which the fluid moves in a flat spacetime,
so that gµν = ηµν .
As is explained in [22], in the non-relativistic limit in
which vi, cs  c (and also p0  e0), the acoustic met-
ric (11) reduces (up to a constant factor) to the acoustic
metric describing the propagation of acoustic perturba-
tions in a non-relativistic perfect fluid, expressed by the
line element
ds2 = ρ0
cs
[
−c2sdt2 + (dxi − vi0dt)ηij(dxj − vj0dt)
]
, (13)
where ρ0 is the background matter density and vi0 ..= cV i0 .
Notice that these velocity components are the ones with
respect to an orthogonal vector basis {∂i}, and not an or-
thonormal one {eˆi} that is usually used in non-relativistic
context. This is important when working with curvilin-
ear coordinates, and the two bases are related by
eˆi =
1
hi
∂i, (14)
where hi ..=
√
ηii are the scale factors. In particular if we
indicate with a tilde the components with respect to an
orthonormal basis we have
v = vi∂i = v˜ieˆi =⇒ v˜i = hivi = vi
hi
(no sum).
(15)
A. Relativistic Bose–Einstein condensates
In non-relativistic analogue gravity there has been a
great interest in Bose–Einstein condensates, as they in-
deed admit an hydrodynamic limit in which the acoustic
1 Notice that this equation differs by a factor
√
|g| from equation
(81) of [22], the latter is correct in flat space and with Carte-
sian coordinates but acquires the extra factor otherwise. This
slightly affects equations (82) and (83), but does not propagate
any further.
3perturbations can be described by an acoustic metric as
for a perfect fluid [4, 12, 13]. The interesting thing about
BECs, besides the possibility of well-controlled experi-
mental realization, is that away from the hydrodynamic
limit they have a well-known microscopic behavior, hence
providing a UV completion of the fluid description. This
is important to address questions about the propagation
of fields in curved spacetimes, in particular the influence
of UV (trans-Planckian) frequencies on semiclassical ef-
fects such as the Hawking radiation.
Also in the relativistic case we have a realization of
the analogy in a quantum system, that is a relativistic
Bose–Einstein condensate (RBEC). The acoustic metric
describing perturbations around the background is of the
same form as the one for a relativistic perfect fluid, and
this is essentially given by the existence of an hydrody-
namic limit for the relativistic condensate. The use of
these systems as gravitational analogues was presented
in [11]; we give here a brief overview of the characteris-
tics of RBECs we will need.
The model is defined through a Lorentz invariant La-
grangian density for an interacting charged scalar field
on a flat (Minkowskian) background
Lˆ = −∂µφˆ∗∂µφˆ−
(
m2c2
~2
+ V
)
φˆ∗φˆ− U(φˆ∗φˆ), (16)
where m is the mass of the bosons, V (t,x) is an external
potential and U is an interaction term. The possibility of
condensation is given by the conservation of the charge
of the condensate, that is the difference between particles
and antiparticles. In the condensed phase, as in the non-
relativistic case, we can describe the condensate at the
mean-field level with a scalar wavefunction φ satisfying
∂µ∂
µφ−
(
m2c2
~2
+ V
)
φ− U ′(φ∗φ)φ = 0, (17)
where the prime indicates the derivative with respect to
ρ, while we can treat fluctuations as perturbations to the
background as
φˆ = φ(1 + ψˆ). (18)
For our scopes it is convenient to adopt the Madelung
(density-phase) representation
φ = √ρ eiθ (19)
and to introduce the quantities
uµ ..=
~
m
∂µθ ; c20 =
~2
2m2 ρU
′′; Tρ ..= − ~
2
2mρ∂
µρ∂µ.
(20)
With these definitions the charge current conservation
associated to the U(1) symmetry of the Lagrangian can
be expressed as
∂µj
µ = 0 ; jµ ..= ρuµ, (21)
while equation (17) takes the form
− uµuµ = c2 + ~
2
m2
[
V + U ′(ρ)− ∂µ∂
µ√ρ√
ρ
]
. (22)
Instead the equation for the perturbation ψˆ is(
[i~uµ∂µ + Tρ]
1
c20
[i~uµ∂µ − Tρ]− ~
2
ρ
∂µρ∂µ
)
ψˆ = 0.
(23)
1. The hydrodynamic limit: the acoustic metric in RBECs
We are now going to show that the equations describ-
ing the RBEC background admit a limit in which they be-
come the equations for a relativistic inviscid, barotropic
and irrotational fluid. A similar discussion, with a differ-
ent notation, can be found in [7].
Equation (21) is already of the shape of a continuity
equation, but we need to identify what the RBEC charge
density ρ is from the point of view of a fluid. We can
start by writing ρ as
ρ = n
w
, (24)
where n and w will turn out to correspond to the number
density and the specific enthalpy of the fluid. We can
now write the 4-gradient of the phase in terms of a unit
4-vector V µ, i.e. such that VµV µ = −1, that will be
identified with the normalized 4-velocity of the perfect
fluid,
∂µθ = wVµ, (25)
that corresponds to the following expression for the 4-
current
jµ = nVµ. (26)
Thus the conserved current has the correct expression in
terms of the would-be number density and velocity.
We can compare (26) and (21) to obtain the fluid 4-
velocity in terms of the quantity uµ we defined for the
RBEC
Vµ =
m
~
uµ
w
. (27)
From this we can see that the one-form associated to the
4-velocity has the form v = α(x)dθ, that is it is irrota-
tional in the relativistic sense. Moreover we can obtain a
unit timelike vector field from uµ by normalizing it, that
is we can also express the fluid velocity without referring
to thermodynamic quantities as
Vµ =
uµ
‖u‖ ; ‖u‖
..=
√−uσuσ. (28)
Now notice that equation (22) is reminiscent of
Bernoulli equation (6). In particular if the charge density
4ρ of the condensate varies slowly compared to the vari-
ations of the phase θ one can neglect the term ∂µ∂
µ√ρ√
ρ
and obtain a Bernoulli equation with the thermodynamic
quantities determined by the mass and interaction terms
of the Lagrangian. This is the hydrodynamic limit, in
which the condensate behaves as an inviscid, barotropic
and irrotational relativistic fluid.
Consider now equation (23) describing the pertur-
bations. The dispersion relation associated to it is
much more complex than the Bogoliubov one for non-
relativistic condensates and has more interesting regimes
that were fully analyzed in [11]. Here we are interested
in the low momentum regime, given by the following con-
dition on the modes wavenumber k
|k|  mu
0
~
[
1 +
( c0
u0
)2]
, (29)
where the perturbations have a phononic behavior. We
also restrict to modes with period of oscillation and wave-
length much greater than the typical scales over which
the background quantities vary, this is called eikonal ap-
proximation. In this regime we can neglect the terms
with Tρ in (23) so that, also using ∂µ(ρuµ) = 0, the
equation describing the evolution of perturbations ψˆ can
be rewritten as a massless Klein-Gordon equation in a
curved background specified by the acoustic metric
Gµν = ρ√1− uσuσ/c20
[
ηµν
(
1− uσu
σ
c20
)
+ uµuν
c20
]
,
(30)
that can be brought in the Gordon form in terms of
Vµ as written in (28) and of the speed of sound that
is defined because of how it appears in the metric as
c2s
..= c2c20/(‖u‖2 + c20). The metric in Gordon form is
Gµν = ρ c
cs
[
ηµν +
(
1− c
2
s
c2
)
VµVν
]
. (31)
Also the conformal factor is the same (up to an irrele-
vant constant factor) as the one of the metric (11) for a
relativistic fluid because of the identification (24) of the
condensate wavefunction amplitude ρ.
The non-relativistic limit is here obtained when the
normalized flow velocity vi and the speed of sound cs
are much smaller than the speed of light c and also the
self interaction between atoms is weak, condition that is
expressed by c0  c. From (22) (in the hydrodynamic
limit) in the limit of small interaction we are left with
‖u‖2 = −uµuµ ' −c2 that also implies u0 ' c. Moreover
the speed of sound reduces to cs ' c0. Notice that we
also get
V µ = u
µ
‖u‖ '
uµ
c
, (32)
so that ui reduces to the fluid flow velocity, without issues
of normalization.
With these considerations, analogously to the case of
a relativistic perfect fluid, one can show that the Gor-
don metric (31) reduces to the one for a non-relativistic
condensate.
2. Fluid vs RBEC for analogue gravity
For what we said the gravitational analogue with Gor-
don metric in RBECs makes sense only in the hydrody-
namic limit, in which the condensate behaves as a rela-
tivistic fluid. Hence there should be no difference in the
simulation of acoustic black holes.
However, because of boson-antiboson annihilation, for
the condensate the most natural density with respect to
which to write the continuity equation is not the number
density n as in the case of a proper fluid, but the charge
density ρ that is related to the other one via (24). This
is relevant because assuming constant density can be a
sensible and simplifying assumption when dealing with
canonical analogue spacetimes (that is spacetimes that
are not solutions of general relativity, but present the rel-
evant features that one wants to reprduce, e.g. analogue
horizons) and for a RBEC the density that is expected
to be naturally adjustable is the charge density ρ.
This means that dealing with constant density ρ
in condensates corresponds to a fluid description with
non-constant number density, differently from the non-
relativistic case in which the density of the condensate
corresponds to the number density in the fluid descrip-
tion.
One can hence naturally get different analogue space-
times considering an actual fluid and a RBEC, even if
every metric that admits Gordon form can be obtained
with both systems. Also, the calculations turn out to be
simpler for a relativistic condensate of constant ρ than
for a fluid of constant n since the continuity equation in-
volves uµ that is an exact 4-gradient and hence we have
stricter conditions and do not need to enforce the irrota-
tionality condition explicitly.
III. RELATIVISTIC VS NON-RELATIVISTIC
ACOUSTIC METRICS
We already said that in the non-relativistic limit, in
which both the flow velocity and the speed of sound
are much smaller than the speed of light, the relativis-
tic acoustic metric reduces to the non-relativistic one.
Now we are interested in understanding if the different
structure of the Gordon metric permits us to simulate
spacetimes different from the ones achievable with the
non-relativistic acoustic metric.
As was pointed out in [11] the spacetimes one can sim-
ulate with a non-relativistic acoustic metric are limited
by the fact that they must have, for some choice of co-
ordinates, conformally flat spatial slices. Thus we can-
not obtain non-relativistic acoustic analogues of many
5spacetimes, including the Kerr spacetime. Indeed, it was
proven that a wide class of stationary spacetimes does
not admit conformally flat spatial slices (see for example
[18, 23]).
The Gordon metric instead does not in general have
conformally flat spatial slices and hence admits in prin-
ciple the simulation of different acoustic spacetimes. Ac-
tually we are now going to show that the Gordon metric
can simulate more general stationary spacetimes, in the
sense that every stationary metric that can be put in
the non-relativistic acoustic form can also be put in the
Gordon form.
We will now look for a transformation that brings us
from a relativistic acoustic metric (or metric in the Gor-
don form) to a non-relativistic one and to see when it is
valid. We focus on stationary flow configurations, that
is with the velocity components independent from time,
and assume the speed of sound to be constant.
We consider now the 2+1 dimensional case since the
3+1 dimensional one is analogous; also we consider the
acoustic metrics up to a conformal factor since it is not
relevant for the point we are trying to make. Let’s take
a generic metric in the Gordon form. The associated line
element is
ds2 = −(1− ξV 20 )c2dt2 + 2ξV0V1cdtdx1 + 2ξV0V2cdtdx2
+ 2ξV1V2dx1dx2 + (η11 + ξV 21 )dx21 + (η22 + ξV 22 )dx22,
(33)
where we indicate with subscripts 1 and 2 two generic
spatial coordinates. The idea is to find a coordinate
transformation that eliminates the spatial cross terms
from the metric, leaving conformally flat spatial slices.
This is achieved with the change of coordinates
dt′ = dt±
√
ξV1
1−√ξV0
dx1 ±
√
ξV2
1−√ξV0
dx2, (34)
with which the metric takes the desired form
ds2 =− (1− ξV 20 )c2dt′2 ± 2
√
ξV1cdt
′dx1
± 2
√
ξV2cdt
′dx2 + η11dx21 + η22dx22.
(35)
The dt′2 term can be rewritten as
− (1− ξV 20 )c2 = −(1− ξ(1 + V2))c2 = −(c2s − c2ξV2) ,
(36)
where V is here the one-form associated to the spatial
part of the velocity.
Now remember that the covariant 4-vector Vµ is the
fluid covariant 4-velocity divided by c, hence we can de-
fine the covariant velocity components
wi ..= c
√
ξVi, (37)
that are related to the velocity vector components w˜i
with respect to a normalized tangent space basis by
w˜i = wi
hi
= c
√
ξ
hi
Vi, (38)
where hi ..=
√
ηii are the scale factors.
In terms of this velocity w the form (35) of the metric
has the manifest form of a non-relativistic acoustic metric
ds2 = −(c2s − w˜)2dt′2 ± 2h1w˜1dt′dx1 ± 2h2w˜2dt′dx2
+η11dx21 + η22dx22. (39)
The 3+1 dimensional case is analogous and the change
of coordinates (34) takes the general form
dt′ = dt±
√
ξVi
1−√ξV0
dxi (40)
with a sum over the spatial indeces i.
The question is now for which flows Vµ this change of
coordinates is integrable. We can find a condition im-
posing for the one-form that defines the change of coor-
dinates to be closed, i.e. if the change of coordinates is
dt′ = ωµdxµ (where dxµ are a basis of one-forms and dt′
could also not be an exact differential) we have to impose
dω = 0. (41)
For both the (2+1) and the (3+1)-dimensional case, us-
ing also the relativistic irrotationality condition and re-
membering the assumptions of constant speed of sound
cs and stationary flow, this condition becomes
dV = ∂[iVj] = 0. (42)
Hence if the velocity flow satisfies this condition the
change of coordinates is well defined globally and we
can bring the relativistic acoustic metric into a non-
relativistic one.
This integrability condition implies that the transfor-
mation is not possible for every relativistic acoustic met-
ric derived for an irrotational flow, since (42) is not in
general satisfied when the irrotationality condition V ∧dV
is. Hence, as expected, we cannot bring any acoustic Gor-
don metric to a non-relativistic acoustic one, and this
is an indication of the fact that the relativistic acoustic
analogues admit the simulation of different spacetimes.
Moreover notice that, when the transformation is appli-
cable, the non-relativistic flow (37) corresponding to the
4-velocity of a relativistic fluid is not in general its non-
relativistic limit.
However, if we consider the transformation in the other
direction
dt′ = dt± hiw˜i
c−√c2 − c2s + v2 dxi, (43)
the integrability condition (42), also because ξ is assumed
constant, corresponds to the vanishing of the rotor of the
velocity (37). Since the non-relativistic acoustic metric
is derived for an irrotational fluid we can hence say that
any stationary non-relativistic acoustic metric can be put
in Gordon form and hence in principle (from the geomet-
ric point of view) all the stationary spacetimes that can
6be simulated in non-relativistic fluid analogues (with con-
stant speed of sound) can also be obtained in a relativis-
tic fluid. In this sense the Gordon form is a more gen-
eral form for a stationary metric than the non-relativistic
acoustic one.
A. An example: the Schwarzschild black hole
We can use the transformation we just found to ob-
tain the Schwarzschild spacetime in Gordon form up to a
conformal factor, and indeed the non-relativistic acous-
tic simulation of its causal structure is known and was
presented in [20]. In particular the Schwarzschild line
element written in Painlevé–Gullstrand coordinates
ds2 = −dt2PG+
(
dr ±
√
2GM
r
dtPG
)2
+r2(dθ2+sin2 θdφ2)
(44)
has the shape of a non-relativistic acoustic metric with a
radial velocity
w˜r =
√
2GM
r
. (45)
We now need to apply to the Painlevé–Gullstrand line
element the inverse transformation with t = tPG, that in
this case takes the form
dt′ = dtPG ±
√
2GM
r
1
c−√c2 − c2s + w2 dr. (46)
As we showed for the general case above this gives us
a Gordon metric with a radial component of the unit 4-
velocity given by (38) and V0 given by normalization, so
that in spherical coordinates
Vµ =
(√
1 + 2GM
ξc2r
,
√
2GM
ξc2r
, 0, 0
)
. (47)
Hence the Gordon metric with this Vµ is, up to a confor-
mal factor, the Schwarzschild one in unusual coordinates
with c substituted by cs.
For a relativistic fluid we need to impose the continuity
equation in spherical coordinates, that is
∂r
(
r2nV r
)
= 0 =⇒ nV r ∝ 1
r2
, (48)
that implies for the number density
n ∝
√
c2ξ
2GM . (49)
We can compare this result with the RBEC config-
uration that gives rise to a Gordon metric conformally
related to Schwarzschild that was presented in [9]. By
normalizing the 4-current field obtained there one ob-
tains the 4-velocity field (47) we found.
IV. ROTATING ACOUSTIC BLACK HOLES
In [9] it was shown how static metric solutions can
be incorporated in the formalism of relativistic acoustic
spacetimes. We now focus on stationary axisymmetric
solutions, having in mind rotating black holes.
We start by considering a transformation of the Gor-
don metric that brings it into a form that is manifestly
stationary and axisymmetric. What we want to obtain
is something of the form
ds2 = gttdt2+2gtφdt dφ+g11dx21+g22dx22+gφφdφ2, (50)
that is a fairly general stationary, axisymmetric and
asymptotically flat metric (see for example [15, 24]), for
example the Kerr rotating solution of the Einstein equa-
tions written in Boyer–Lindquist coordinates has this
form. Here t and φ are Killing parameters, that is (∂/∂t)µ
and (∂/∂φ)µ are Killing vectors, and x1, x2 are appro-
priate coordinates in the planes orthogonal to the ones
spanned by the Killing vectors.
Take the Gordon metric in flat background, neglect-
ing the conformal factor, written in generic curvilinear
coordinates (t, x1, x2, φ):
ds2 =− (1− ξV 20 )c2dt2 + 2ξV0V1cdt dx1 + 2ξV0V2cdt dx2
+ 2ξV0Vφcdt dφ+ (1 + ξV 21 )dx21
+ 2ξV1V2dx1 dx2 + 2ξV1Vφdx1 dφ+ (η22 + ξV 22 )dx22
+ 2ξV2Vφdx2 dφ+ (ηφφ + ξV 2φ )dφ2,
(51)
where ηii are the elements of Minkowski metric. The
coordinates x1, x2 can for example be r, θ in spherical
coordinates, or r, z in cylindrical coordinates. We take
the unit timelike field Vµ to be independent from t and φ
since one expects an axisymmetric metric to have compo-
nents independent from the coordinates that are Killing
parameters.
The change of coordinates we are looking for is given
by (where we indicate the Minkowski metric component
ηφφ with ηφ)
cdt′ = cdt− ηφξV0V1
ξV 2φ + ηφ(1− ξV 20 )
dx1
− ηφξV0V2
ξV 2φ + ηφ(1− ξV 20 )
dx2
dφ′ = dφ+ ξV1Vφ
ξV 2φ + ηφ(1− ξV 20 )
dx1
+ ξV2Vφ
ξV 2φ + ηφ(1− ξV 20 )
dx2
dx′1 = dx1 +
ξη22V1V2
η22(1− ξ)− ξV 22
dx2.
(52)
The condition of integrability is not very compact and
hence it is more convenient to check it with specific
V -s. The Gordon metric with respect to coordinates
(t′, x′1, x2, φ′) assumes the desired form
7Gµν ∝

−(1− ξV 20 )c2 0 0 ξV0Vφ
0 1 + ξηφV
2
1
ξV 2φ + ηφ(1− ξV 20 )
0 0
0 0 η22 +
ξη22V
2
2
η22(1− ξ)− ξV 22
0
ξV0Vφ 0 0 ηφ + ξV 2φ
 . (53)
This form of the metric shows that stationary acoustic
spacetimes can be obtained in relativistic gravitational
analogues, and in particular rotating spacetimes, with
the information of the rotation encoded in the azimuthal
velocity Vφ, in fact when this vanishes the metric assumes
a manifestly static (diagonal) form.
To show that rotating acoustic black holes are possible
we must show that horizons for this kind of metric can
occur. Remember that the event horizon is a null hyper-
surface and, for the symmetries of the spacetime, it will
be determined by the vanishing of some scalar quantity
depending only on x1 and x2, that is
f(x1, x2) = 0 with Gµν∂µf∂νf = 0, (54)
that for the axisymmetric metric we are considering be-
comes
G11(∂1f)2 + G22(∂2f)2 = 0. (55)
We are however free to redefine the coordinates on the 2-
planes orthogonal to the Killing fields (x1, x2)→ (x˜1, x˜2)
so that the above condition reduces to
G11(∂1f)2 = 0, (56)
that corresponds to saying that the event horizon occurs
when G11 = 0, or when G11 diverges. From (53) this
condition reads (remember Vµ = vµ/c)
v21
η11
+ v
2
2
η22
= c
2
s
ξ
. (57)
Another interesting location for a rotating black hole
is the ergosurface that is found from the vanishing of the
G00 component. In particular from (53) the condition
that individuates the ergosurface is
v2 = v
2
1
η11
+ v
2
2
η22
+
v2φ
ηφ
= c2 1− ξ
ξ
= c
2
s
ξ
. (58)
Remember that, as explained in [20], in non-relativistic
analogue gravity the ergosurface coincides with the sur-
face where the fluid flow turns supersonic, while the hori-
zon is a surface on which the normal component of the
flow becomes supersonic. Conditions (57) and (58) are
the relativistic generalizations of these notions, in fact
they differ from the non-relativistic ones by a relativis-
tic Lorentz factor ξ−1 = (1 − c2s/c2)−1 = γ(cs)2. Notice
that, coherently with what we said above about the role
of Vφ, the ergosurface is distinct from the horizon only if
vφ 6= 0.
A. (2+1)-dimensional stationary acoustic
spacetimes
As one can see from (11) the Gordon metric depends on
the dimensionality of the spacetime only in the conformal
factor. Hence if we are interested in the causal structure
of (2+1)-dimensional spacetimes with polar symmetry we
can use cylindrical coordinates in the argument of the
previous section, that is take (x1, x2) = (r, z), impose
V2 = Vz = 0 and work on constant-z planes. One then
obtains the relativistic acoustic metric, with respect to
suitable coordinates (t′, r, φ′), in the form
Gµν ∝
−
(
1− ξV 20
)
c2 0 ξV0Vφc
0 1 + ξr
2V 2r
ξV 2
φ
+r2(1−ξV 20 ) 0
ξV0Vφc 0 r2 + ξV 2φ
 .
(59)
For the position of the horizon and the ergosurface
(that will now be circles) the same discussion we did for
the (3+1)-dimensional case holds. Moreover, notice that
the polar symmetry and the stationarity require for the
velocity to depend only on the radial coordinate x1 = r.
V. RELATIVISTIC VORTEX GEOMETRY
In non-relativistic analogue gravity the simplest ex-
ample of rotating spacetime is the vortex geometry pre-
sented in [20] obtained for a constant density fluid moving
with flow speed
v = A
r
eˆr +
B
r
eˆφ, (60)
that has an associated acoustic metric
ds2 =−
(
c2s −
A2 +B2
r2
)
dt2
− 2A
r
dt dr − 2Bdt dφ+ dr2 + r2dφ2.
(61)
A. Vortex in a constant density relativistic fluid
We are now interested in the relativistic case. Con-
sider a constant density relativistic perfect fluid; we are
looking for (2+1)-dimensional configuration with circu-
lar symmetry satisfying the relativistic continuity equa-
tion (5) and the relativistic irrotationality condition (2).
8For what concerns the Bernoulli equation (6) we can use
the freedom on the equation of state to satisfy it with the
flow we desire.
Because of the requests of stationarity and circular
symmetry the velocity components can only depend on
the radial coordinate, so that the continuity equation is
1√|η|∂µ(√|η|vµ) = 1r ∂r(rvr) = 0 =⇒ vr = vr = cs r0r ,
(62)
where r0 is a constant, while the irrotationality condition
is
v0∂rvφ − vφ∂rv0 = 0. (63)
We can now insert the normalization condition for the
4-velocity
v0 = ±
√
c2 + v2r +
v2φ
r2
=
√
c2 +
c2sr
2
0 + v2φ
r2
(64)
and integrate equation (63) to obtain vφ. We would like
for the resulting Gordon metric to be asymptotically flat.
We already saw that the radial velocity goes to zero at
infinity, so we require also for the azimuthal velocity to
vanish asymptotically. Note however, that vφ(∞) = 0 is
not the correct condition since it is a component of the
covariant 4-velocity and what we want to set to zero is
the component v˜φ = vφ/r with respect to an orthonor-
mal basis of the tangent vector space. Hence we need to
impose for vφ to be a constant at infinity, define
acs ..= vφ(∞) = const. (65)
With this initial condition the integration of the irrota-
tionality condition gives
v2φ = K2
c2r2 + c2sr20
c2r2 − c2sa2
. (66)
Hence the covariant 4-velocity of the fluid is
vµ =
(
c
√
c2r2 + c2sr20
c2r2 − c2sa2
, cs
r0
r
, csa
√
c2r2 + c2sr20
c2r2 − c2sa2
)
.
(67)
Inserting this in the metric (59) we obtain the line
element
ds2 = −
(
r2c2 − ξr20c2 − a2c2
r2c2 − a2c2s
)
c2sdt
′2+2ξa r
2c2 + c2sr20
r2c2 − a2c2s
csdt
′dφ′+ r
2
r2 − ξr20
dr2+
(
r2 + a2 c
2
s
c2
r2c2 + r20c2s
r2c2 − a2c2s
)
dφ′ 2. (68)
We can find the positions of the ergosurface rE and
the horizon rH by using conditions (57) and (58) or by
checking where the dt′2 term of the metric vanishes and
where the dr2 term diverges. The results are
r2E
..= ξr20 + a2 ; r2H ..= ξr20. (69)
Notice also that the metric is singular for
r2S
..= a2 c
2
s
c2
, (70)
where the flow (67) becomes ill-defined, and hence the
flow configuration has an acoustic horizon if rS < rH
that is if a2 < ξ1−ξ r20. This condition is analogous to the
condition a < M for the Kerr geometry to avoid naked
singularities, however here we do not have the double
horizon structure as in Kerr.
Notice that the fact that the singularity is a ring differs
from the non-relativistic case, in which the flow is well
defined till r = 0. Also, when the azimuthal velocity goes
to zero, i.e. a→ 0, the horizon and the ergosurface coin-
cide as for a static black hole and the singularity of the
flow moves to rS = 0. We also observe that even if the
term dt′dφ′ in (68) is asymptotically constant, this effec-
tive spacetime is asymptotically flat and it can be seen by
normalizing the angular coordinate. This was expected
since we required this in fixing the initial condition for
the azimuthal velocity.
1. The non-relativistic limit
Here the non-relativistic limit is given by the condi-
tions
cs,
r0cs
r
,
acs
r
 c (71)
that for the square root in the 4-velocity (67) implies√
c2r2 +A2
c2r2 −K2 = 1 +O
(
v2r
c2
,
a2c2s
r2c2
)
, (72)
so that
vµ '
(
c,
r0cs
r
,
acs
r2
)
(73)
This is to be compared with the velocity field (60) of the
non-relativistic vortex geometry, but we need to pay at-
tention to the usual issue of the choice of the vector basis.
The spatial part of (73) with respect to an orthonormal
basis (eˆr, eˆφ) is
v = r0cs
r
eˆr +
acs
r
eˆφ, (74)
that is exactly as (60).
9FIG. 1. Representation of the streamlines of the spatial part
of the relativistic vortex velocity field (67) for a = 1.5r0 and
ξ = 0.9. For this choice of the parameters there is an horizon.
The innermost circle is the singularity radius rS and in the
region it delimits the flow is not well defined. The other two
circles are, in order, the horizon rH and the ergosurface rE.
B. Vortex in a constant density RBEC
Consider now a relativistic Bose–Einstein condensate
with constant charge density ρ. We need to enforce the
continuity equation (21) and the irrotationality condition
is substituted by the fact that the 4-current uµ must be a
4-gradient. Again we can use the freedom on the choice
of the interactions of the Lagrangian to take the speed
of sound to be constant and to satisfy the condition (22)
on the norm of uµ for the flow we need.
Again, because of the interest in spacetimes with polar
symmetry, the radial and azimuthal components of uµ
must dependent only on r. The continuity equation for
constant density, as for the fluid case, hence gives
1
r
∂r(rur) = 0 =⇒ ur = r0cs
r
, (75)
while the fact that uµ is a 4-gradient implies that u0
and uφ cannot have space-temporal dependence, other-
wise the radial component would depend on t, φ. So we
take
u0 = const uφ =: acs = const. (76)
Hence we have the 4-current
uµ =
(
u0 ,
csr0
r
, acs
)
, (77)
so that the normalized covariant 4-velocity that enters
the Gordon metric is
Vµ =
1√
r2 − c2s(r20 + a2)/u20
(
r,
r0cs
u0
,
acsr
u0
)
(78)
The acoustic line element in the form (59) with this
flow becomes
ds2 = −
(
r2u20 − r20c2 − a2c2
r2u20 − r20c2s − a2c2s
)
c2sdt
′2+ aξr
2c2cs
r2u20 − r20c2s − a2c2s
dt′dφ′+
+
(
r2u20 − r20c2s − a2c2s
r2u20 − r20c2 − a2c2s
)
dr2 +
(
1 + ξa
2c2s
r2u20 − r20c2s − a2c2s
)
r2dφ′2,
(79)
from which we can as before see that there is an ergosur-
face at
rE ..=
c
u0
√
r20 + a2, (80)
and an horizon at
rH ..=
c
u0
√
r20 + a2
c2s
c2
, (81)
that, as before, could also have been obtained by studying
the modulus of the 4-flow Vµ.
Also in this case, the ergosurface is always external to
the horizon (since cs/c < 1), and coincides with it in the
limit of vanishing azimuthal velocity, i.e. for a→ 0. The
metric is singular where the flow is so, that is for
rS ..=
cs
u0
√
r20 + a2, (82)
which is always smaller than rH for any value of r0 and a.
It is perhaps worth noticing that the radius of the singu-
larity does not shrink to zero when the rotation vanishes
as was the case for the relativistic fluid. Of course, a
relativistic fluid analogue could reproduce the same fea-
ture but at the cost of allowing a non-constant number
density.
Finally, let us stress that even if this vortex config-
uration is different from the one we derived above for
a constant (number) density relativistic fluid, they both
reduce to the vortex geometry (60) in the non-relativistic
limit.
VI. (3+1)-DIMENSIONAL STATIONARY
ACOUSTIC BLACK HOLES
We showed in the general discussion of Section IV that
the Gordon metric admits stationary acoustic black holes
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also in (3+1) dimensions. We are now going to show that
it is reasonably easy to find an explicit 3-dimensional
flow configuration for the scope; however, both the flow
and the metric have generally complicated forms and are
not as easy to understand as the vortex geometries we
presented in the previous section. For simplicity, we shall
focus on constant-density relativistic condensates.
A. Zero polar flow
Let us consider first a configuration for a RBEC with
zero polar flow, that is with uθ = u2 = 0. This corre-
sponds to V2 = 0. The continuity equation and the fact
that uµ must be a 4-gradient imply for the 4-current
uµ =
(
u0 , −cs r
2
0
r2
, 0 , csa
)
, (83)
where r0 and a are constants. This corresponds to a unit
fluid 4-velocity Vµ = uµ/ ‖u‖ = vµ/c
Vµ =
1√
r4 − c2sr40
u20
− a2c2sr2
u20 sin2 θ
(
r2 , −r
2
0cs
u0
, 0 , acsr
2
u0
)
.
(84)
The metric is quite long to write down and the more com-
pact form (53) is not applicable here since the change of
coordinates (52) is not integrable. Hence in order to de-
termine the positions of the horizon and the ergosurface
we have to check where respectively the radial part and
the norm of the spatial part of the 4-current exceed cs/ξ.
The horizon turns out to be located at the radius
r2H =
c2sa
2
2u20 sin2 θ
+
√(
c2sa
2
2u20 sin2 θ
)2
+ c2 r
4
0
u20
, (85)
while the ergosurface at
r2E =
c2a2
2u20 sin2 θ
+
√(
c2a2
2u20 sin2 θ
)2
+ c2 r
4
0
u20
. (86)
Moreover, the metric is singular where the normalized
4-velocity (84) is singular, that is at
r2S =
c2sa
2
2u20 sin2 θ
+
√(
c2sa
2
2u20 sin2 θ
)2
+ c2s
r40
u20
. (87)
Notice that, due to the appearances of c and cs, we
correctly have, for every value of r0 and a,
r2S < r
2
H < r
2
E (88)
and that in the limit a → 0 both the horizon and the
ergosurface move to the position of the horizon of the
canonical static acoustic black hole presented in [9].
4 2 0 2 4
x/b
4
2
0
2
4
z/
b
FIG. 2. Representation of the streamlines of the normalized
4-current for ξ = 0.9, u0 = c, r0 = 0 and a = 0.8b (expressed
with respect to an orthonormal vector basis) on a vertical slice
of the space (that is at φ = const). In the empty region at the
center, delimited by the red line, the flow is ill-defined. The
green line is the ergosurface and the blue one is the acousti-
chorizon. One can see that above and below the equator the
streamlines pass through the horizon in opposite directions,
meaning that in the southern hemisphere we have a white hole
horizon and in the northern hemisphere a black hole one.
B. Complete flow
As above we are interested in stationary axisymmet-
ric acoustic black holes, hence we look for a 4-current
field that, in spherical coordinates, depends only on the
radial and the polar coordinates. The constant-density
continuity equation is
∂r(r2vr) +
1
sin θ∂θ(sin θ vθ) = 0. (89)
A simple case is the one in which this is satisfied by the
separate vanishing of the two terms, that is
ur =
A
r2
+ B(θ)
r2
; uθ =
D(r)
sin θ . (90)
The other two components of the 4-current are again con-
stant because of the 4-gradient constraint:
u0 = const uφ = const =: csa. (91)
The fact that uµ is a 4-gradient also implies that its dif-
ferential must vanish, condition that, because of the sole
r and θ dependence, only consists in the equality
∂ruθ − ∂θur = 0 =⇒ ∂rD(r)sin θ −
∂θB(θ)
r2
= 0, (92)
that can be integrated to obtain (up to additive con-
stants)
D(r) ∝ ln
(
cos θ + 1
sin θ
)
; B(θ) ∝ 1/r, (93)
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and also implies that these two functions are proportional
to the same parameter, that we express as csb2. Hence,
introducing also r20 ..= A/cs, we have the 4-current
uµ = (u0, ur, uθ, uφ)
= cs
(
u0
cs
,
r20
r2
+ b
2
r2
ln
(
cos θ + 1
sin θ
)
,
b2
r sin θ , a
)
.(94)
Once normalized this 4-current can be put in the rel-
ativistic acoustic metric and the positions of the horizon
and the ergosurface can be found as above. We do not
write this down explicitly since the expressions are rather
messy and not very significant. We instead give a graph-
ical representation in Figure 2 of the streamlines of Vµ
(expressed with respect to a normalized basis of vectors)
in the simpler case r0 = 0. One can see that south of the
equator the flow is directed away from the rotation axis,
while north of the equator the flow is directed towards
the axis. Hence the fluid crosses the horizon in oppo-
site directions, so that the acoustic perturbations are all
swept outwards in the southern hemisphere and inwards
in the northern one. This means that the horizon passes
from being a white hole one to being a black hole one.
VII. ACOUSTIC ANALOGUES OF THE BTZ
ROTATING BLACK HOLE
Up to now we mostly bothered with canonical acous-
tic black holes, that is with analogue spacetimes that
do not correspond to solutions of the Einstein equations
but that show similar causal characteristics, such as hori-
zons and ergosurfaces. Here we will instead focus on
the possibility to obtain in relativistic acoustic analogues
the causal structure of general-relativistic rotating space-
times. We start by considering rotating black holes in
(2+1)-dimensional gravity.
Gravity in (2+1) dimensions has been studied with the
idea to consider conceptual issues in a simpler context
than the full (3+1)-dimensional real gravitating systems
([8]). In many aspects (2+1)-dimensional gravity is very
different from from the physical (3+1)-dimensional coun-
terpart, for example it has no propagating degrees of free-
dom and, with zero cosmological constant, the vacuum
solutions of the Einstein field equations are necessarily
flat. Moreover, it can be shown that there are no asymp-
totically flat black hole solutions.
However, when the cosmological constant is negative
this is no longer true and it was shown in [3] that (2+1)-
dimensional gravity with Λ < 0 admits vacuum black
hole solutions that in the rotating version share many
of the characteristics of the Kerr black hole. These black
hole solutions are called BTZ black holes from the initials
of the authors of [3].
A rotating BTZ black hole is described by the line
element (where c = G = 1)
ds2 = −f2dt2 + f−2dr2 + r2 (dφ+Nφdt)2
= − (f2 − r2N2φ) dt2 − J dtdφ− f−2dr2 + r2dφ2,
(95)
where
f ..=
√
−M + r
2
`2
+ J
2
4r2 ; Nφ
..= − J2r2 , (96)
where M and J are the mass and angular momentum.2
This line element represents a stationary and axially sym-
metric metric with Killing vectors ∂t and ∂φ.
The spacetime has two horizons at
r2± ..=
M`2
2
1±
[
1−
(
J
M`
)2]1/2 , (97)
and an ergosurface at
rE ..=
√
r2+ + r2− =
√
M`. (98)
As for the Kerr black hole we have a limit for the metric
parameters to avoid a naked (in this case conical) singu-
larity that is
M2`2 ≥ J2; (99)
when this is not satisfied there are no horizons.
A. The BTZ metric in non-relativistic acoustic
form
To put the rotating BTZ metric in the shape of a non-
relativistic acoustic metric we proceed by changing in
(95) the coordinates t, φ to t′, φ′ and imposing for the
term drdφ′ to vanish and for the dr2 term to be equal to
1. This is obtained with the change of coordinates
dt′ = dt−
√
1− f2
f2
dr
dφ′ = dφ+Nφ
√
1− f2
f2
dr.
(100)
This brings the line element (95) in the form (also rein-
troducing c→ cs)
ds2 =− (f2 − r2N2φ) c2sdt′2 − 2√1− f2csdt′dr
+ Jcsdt′dφ′ + dr2 + r2dφ′2
(101)
2 Notice that in (2+1)-dimensions with G = 1 masses result to be
adimensional.
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vr  
vΦ 
|v|
FIG. 3. Representation of the velocity of the fluid that gives
the rotating BTZ black hole analogue forM = 2 and J = 1.5`.
The dashed regions are the ones in which the acoustic simula-
tion breaks down because the radial velocity is ill defined. The
dark gray region is the one where the radial flow (solid line)
is supersonic, delimited by the horizons that are the points
where the radial velocity matches the speed of sound cs. The
light gray region instead is the ergoregion, delimited by the
ergosurface radius rE.
that can be compared with the non-relativistic acoustic
metric line element (13) in polar coordinates to see that
if we define the velocity (again we indicate with a tilde
the components with respect to an orthonormal basis)
w = w˜reˆr + w˜φeˆφ ..= cs
√
1− f2 eˆr − rcsNφeˆφ
= cs
√
1− f2 eˆr + cs J2r eˆφ, (102)
automatically satisfying the irrotationality condition, we
have a non-relativistic acoustic form.
Notice however that f2 is not always smaller than one
for a BTZ black hole, hence the acoustic form of the
metric is valid only in the range where this is true, that is
where the radial velocity w˜r = cs
√
1− f2 is well defined,
and this happens for R− ≤ r ≤ R+ with
R2± ..=
(1 +M)`2
2
1±
[
1−
(
J
(1 +M)`
)2]1/2 .
(103)
Also R− < r− < r+ < R+ so that we can simulate the
region of the BTZ spacetime containing the two horizons.
To have an acoustic analogue including also the ergo-
surface region we must further restrict the parameters of
the BTZ black hole, in particular requiring for the ra-
dius of the ergosurface rE =
√
M` to be smaller than the
upper radius of the simulated region R+
r2E < R
2
+ =⇒ M`2 > J2. (104)
This constraint must be added to the condition to avoid
a naked singularity (99), that assures the presence of the
horizons.
FIG. 4. Representation of the streamlines (gray) of the flow
that gives the non-relativistic simulation of the BTZ space-
time for M = 2 and J = 1.7`. The solid circles are the limits
of the region in which the flow is well defined, and hence have
radii R±. The dashed circles have radii r± and hence are the
horizons, while the dotted circle of radius rE is the ergosur-
face.
In the region where the analogy holds we still have
to impose the continuity equation, that for time-
independent matter density is ∇ · (ρw) = 0 and in our
case is
1
r
∂(rρwr)
∂r
= 0. (105)
Hence we need to fine-tune the density as
ρwr ∝ 1
r
=⇒ ρ ∝ 1
r
√
1− f2 (106)
to satisfy the continuity equation.
As a check we can compare the radial flow we found
here with the one obtained in [10] for the simulation in
non-relativistic acoustic of the (d+1)-dimensional AdS
Schwarzschild black hole. In particular they find for the
radial flow in BEC for d = 2 (equation (40) in the article)
ur = cs
√
r0 − r
2
`2
, (107)
where r0 is a constant. We can compare this with our
w˜r, as defined in (102), with J = 0
w˜r = cs
√
1 +M − r
2
`2
(108)
to see that they correspond if we set r0 = M + 1.
B. The BTZ metric in Gordon form
In Section III we showed how a non-relativistic acoustic
metric (that is associated to an irrotational flow) can
always be brought in the Gordon form. We now want to
apply the transformation to the non-relativistic acoustic
form of the BTZ metric we just found.
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We need the transformation (43) in terms of the non-
relativistic velocity components, that with the velocity
(102) takes the form
dT = dt′ ± cs
√
1− f2
c−
√
c2 − c2s(f2 − r2N2φ)
dr
± csr
2Nφ
c−
√
c2 − c2s(f2 − r2N2φ)
dφ′.
(109)
Applying this to the line element (101) we obtain, in
coordinates (T, r, φ′), the rotating BTZ metric (with c→
cs) in the Gordon form
gµν = ηµν + ξVµVν (110)
with unit 4-velocity Vµ, in polar coordinates, using (37)
and the normalization condition,
Vµ =
(√
1− c
2
s
ξc2
(
1− f2 +N2φ
)
,
cs
c
√
1− f2
ξ
, −cs
c
r2Nφ√
ξ
)
.
(111)
The range of validity of this form of the metric is the
same we discussed for the non-relativistic acoustic form,
delimited by the values (103) of r, and also for the inclu-
sion of the horizons and the ergosurface the discussion
is the same. For what concerns the imposition of the
continuity equation for a relativistic fluid we have
∂r (rnV r) = 0 ⇐⇒ n ∝ 1
r
c
cs
√
ξ
1− f2 . (112)
As we did in the previous section we can again check
our resulting flow (111) by comparing its J → 0 limit
with the result obtained in [10] for the simulation of a
(d+1)-dimensional AdS Schwarzschild black hole in a rel-
ativistic condensate (equation (33) in the article) speci-
fied to d = 2
v2r =
c2s
ξ
(
r0 − r
2
`2
)
, (113)
that again coincide provided r0 = M + 1.
VIII. GORDON AND KERR–SCHILD FORMS
We already said that the Kerr metric cannot be put in a
non-relativistic acoustic form because it does not admit
conformally flat spatial slices, however in principle one
could put it in a Gordon form and obtain a relativistic
acoustic analogue of it.
Many different convenient coordinates in which to ex-
press the Kerr metric can be chosen, see [21] for a re-
view. One could think to identify the velocity compo-
nents needed by comparing the transformed Gordon met-
ric (53) with a suitable form of the Kerr metric (for exam-
ple in Boyer–Lindquist coordinates). However that form
of the acoustic metric seems not to be suited for any of
the most known forms of the Kerr metric.
Another interesting form of the Kerr metric is the
Kerr–Schild form in Kerr–Schild coordinates
gµν = ηµν +
2Mr3
r4 + a2z2LµLν , (114)
where Lµ is a null 4-vector
Lµ ..=
(
1, rx+ ay
r2 + a2 ,
ry − ax
r2 + a2 ,
z
r
)
. (115)
The Kerr metric in this form is similar to a metric of
the Gordon form, but the 4-vector in that case is time-
like, since it corresponds to the unit 4-velocity of the
medium. A possibility that may come to mind to obtain
an acoustic analogue of the causal structure of Kerr is
to find a system whose hydrodynamic description has a
4-velocity that is a null 4-vector. Notice also that per-
turbations on the top of it should move with a sound
velocity smaller than the speed of light, otherwise the
factor ξ = 1−c2s/c2 would vanish and the resulting acous-
tic metric would simply be conformally flat. We do not
know if these condition are satisfied by some system, but
it would be interesting to investigate.
Sticking to fluids with a timelike 4-velocity field it
may seem strange for a metric to admit both Kerr–
Schild form and Gordon form, however this is true for
the Schwarzschild metric. We discuss this case in de-
tail with the hope to provide some insight towards the
simulation of the Kerr metric.
A. The Schwarzschild case
In Section IIIA we showed how the Painlevé–
Gullstrand form of the Schwarzschild metric can be cast
into a Gordon form. Remember that the associated Gor-
don metric corresponds to the Schwarzschild spacetime
with c substituted by cs, hence if we want to compare it
with the Kerr–Schild form we should express cs in terms
of c and ξ. Actually it is more instructive to start from
the Schwarzschild metric in the usual spherical coordi-
nates and explicit the transformation that brings us to
the Gordon form.
Start with the usual Schwarzschild metric
ds2S = −
(
1− 2GM
rc2
)
c2dt2+ 1
1− 2GMrc2
dr2+r2dΩ (116)
and introduce a constant ξ < 1 and a unit timelike vector
Vµ. Now perform the following redefinition of the time
coordinate that depends on these quantities
c√
1− ξ dT =
c√
1− ξ dt+
ξV0Vr
ξV 20 − 1
dr, (117)
which can be rewritten as
cdT = cdt+
√
1− ξ ξV0Vr
ξV 20 − 1
dr. (118)
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The unit timelike vector is chosen as
V 2r =
1− ξ
ξ
2GM
rc2
=⇒ V 20 = 1 +
1− ξ
ξ
2GM
rc2
, (119)
that is (47) with c2 replaced by c2/(1−ξ), again to obtain
the one of the acoustic case when we substitute c. With
this change of coordinates the Schwarzschild metric takes
the form
ds2S = −
(
1− ξV 20
) c2
1− ξ dT
2 + 2ξV0Vr
c√
1− ξ dTdr
+ (1 + ξV 2r )dr2 + r2dΩ ,
(120)
that correctly reduces to a relativistic acoustic metric
with the substitution c → cs. Finally we can reabsorb
the
√
1− ξ factors by redefining the time coordinate as
T˜ ..= T√
1− ξ , (121)
so that the Schwarzschild metric assumes the proper Gor-
don form gµν = ηµν + ξVµVν .
Notice that, besides the acoustic interpretation of
this shape of the metric, this is a new form of the
Schwarzschild metric, that may be worth investigating
on its own.
For what concerns instead the Kerr–Schild form, it can
be easily obtained by taking the a→ 0 limit of the Kerr–
Schild form in Kerr–Schild coordinates of the Kerr metric
(114), so that the Schwarzschild metric can be written as
(reintroducing G and c)
gSµν = ηµν +
2GM
c2r
LµLν , (122)
where Lµ is the null one-form (in spherical coordinates)
Lµ = (1, 1, 0, 0). (123)
However, this form can also be obtained from the usual
expression of the Schwarzschild line element (116) by per-
forming the change of coordinates
cdt˜ = cdt+
2GM
rc2
1− 2MGrc2
dr. (124)
that is the ξ → 0 limit of the transformation (117).
We can then combine the two transformations (124)
and (118) to obtain the redefinition of the time coor-
dinate that brings us from the Kerr–Schild form to the
Gordon one:
cdT = cdt˜+
2GM
rc2 −
√
2GM
rc2
√
ξ + (1− ξ) 2GMrc2
1− 2GMrc2
dr. (125)
Notice that this reduces to an identity for ξ → 0. This
reflects the fact that in this limit the timelike 4-vector√
ξVµ (with Vµ given by (119)) reduces to the null vector
of the Kerr–Schild form (122). Unfortunately, no general-
isation of the above transformation for the Kerr geometry
has been found up to date. We plan to further explore
this issue in future work.
IX. CONCLUSIONS
In this article we considered analogue gravity in rel-
ativistic fluids and relativistic condensates, showing the
link between the two. In particular we focused on the
relation with the non-relativistic case and on rotating
acoustic black holes. Even if these relativistic systems
still cannot be obtained in a laboratory, they provide an
interesting conceptual tool and may naturally occur in
cosmological and astrophysical context.
We showed how every stationary spacetime that can be
obtained in non-relativistic acoustic metric with constant
speed of sound can be also obtained in the relativistic case
by deriving a transformation that maps between the two
and we explicitly discussed it for the case of the acoustic
analogues of the Schwarzschild spacetime.
We then showed that the relativistic acoustic metric is
compatible with the occurrence of rotating acoustic black
holes, that is with the presence of horizons and ergore-
gions, and we presented the relativistic generalization of
the vortex (or draining bathtub) geometry, showing that
this presents some new features with respect to the non-
relativistic analogue. We also provided some examples of
(3+1)-dimensional configurations.
Eventually, we focused on the acoustic simulation of
general-relativistic rotating spacetimes obtaining a fluid
configuration that reproduces a region of the causal struc-
ture of the rotating BTZ black hole, for both the non-
relativistic case and the relativistic one. Finally we com-
mented on the relation between the Kerr–Schild form the
Gordon one, analysing in detail the Schwarzschild case,
with the aim to lay the foundations of a future generali-
sation to the Kerr geometry case.
So, in conclusion, the investigations here presented ex-
tend the existent results on the general-relativistic ob-
jects one can mimic in relativistic analogues and clari-
fies the relationship with their non-relativistic counter-
parts. Moreover, the fluid analogies we presented here
provide an intuitive picture of rotating spacetimes and
might serve as useful toy models for looking at important
concepts of general relativity. As a future perspective, we
hope that this work will further stimulate the research to-
wards the development of a full Kerr black hole analogue
which could provide a very useful test bed for numerical
simulations of relevant phenomena involving astrophysi-
cal black holes.
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